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Abstract: We propose fuzzy version of Runge – Kutta method of order four, for the solution of first order linear 

fuzzy differential equations without converting them to crisp form. The accuracy and efficiency of the proposed 

method is illustrated by solving a fuzzy initial value problem with trapezoidal fuzzy number.  
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1. INTRODUCTION   

Fuzzy Differential Equations (FDEs) model have 

wide range of applications in many branches of 

engineering and in the field of medicine. The 

concept of fuzzy derivative was defined by Chang 

S.L. and Zadeh L.A. in[5]. It was followed up by 

Dubosis.D and Prade[6].who used extension 

principle in their approach. The term “fuzzy 

differential Equation” was introduced in1987 by 

Kandel.A and Byatt.W.J They have been many 

suggestions for definition of fuzzy derivative to 

study“fuzzy differential Equation”.In the litreture, 

there are several approaches to study fuzzy 

differential equations.The first and most popular 

one is Hukuhara derivative made by Puri.M.L 

Ralesu.D.A [17].Here the solution of fuzzy 

differential equation becomes fuzzier as time goes 

on. This approach does not reproduce the rich and 

varied behaviour of ordinary differential equations. 

Bede.B and Gal.S.G[3,4] have introduced another 

concept of derivatives called the generalized 

Hukukara derivative.Under this interpretation ,the 

solution of a fuzzy differential equation becomes 

less fuzzier as time goes on. The strong generalized 

derivative is defined for a   large class of fuzzy 

number valued function than Hukuhara derivative. 

This case a fuzzy differential equation is not unique. 

it has two solution locally. Recently some 

Mathematicians have studied fuzzy differential 

equations by Numerical methods. Numerical 

Solution of fuzzy differential equations has been 

introduced by M.Ma, M.Friedman, and Kandel.A in 

[15] through Euler method. Taylors method and 

Runge –Kutta methods have also been studied by 

authors in [1],[2].  

After  a   preliminary section we  study 

differentiability  of  the  H-difference .Then we 

solve first order linear fuzzy differential  equations 

by fourth order Runge –kutta method here we 

provide also some examples and compare this result 

with exact solution followed by complete error 

analysis. 

 

2. PRELIMINARIES  

 

In this section, some basic definition are reviewed 

[7,8] 

Defintion2.1. A Fuzzy Number is a generalization 

of a regular, real number in the sense that it does not 

refer to one single value but rather to a connected 

set of possible values. Where each possible valuhas  
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its own weight between 0 & 1. This weight is called 

the membership function. 

1. A fuzzy number is a quantity. (i.e) is expressed 

as a fuzzy set defining a fuzzy interval in the 

real number R. 

2. Convex fuzzy set  

          (1 ) min ( ), ( ) 0,1 ,,     u tx t y u x u y t x y R  

3. Normalized fuzzy set  

(i.e.) 
0 0

( ) 1x R with u x    

4. Its membership function is piecewise 

continuous of bounded support. 

 We represent an arbitrary fuzzy number by an          

ordered pair of functions.  ( ), ( ) ,0 1u r u r r     

That satisfies the following requirements.  

1) ( )u r is a bounded left continuous non-

decreasing function over [0,1],with respect to 

any r  

2) )(ru  is a bounded right continuous non-

increasing function over [0,1] with respect to 

any r  

3) ,0 1( ) ( ) ru r u r    then 

The r -level set is   / ( ) ,0 1
r

u x u x r r     is a 

closed and bounded interval, denoted by 

  ( ) ( )
r

u u r u r  
   and clearly,    

0
/ ( ) 0u x u x   

is compact. 

 

Definition 2.2: A trapezoidal fuzzy number u  is 

defined by four real number of the trapezoidal is the 

interval [ , ]a d  and its vertices at ,x b x c  . 

Trapezoidal fuzzy number will be written as  

( , , , )u a b c d   is defined as follows  

                   
1

x a
a x b

b a

b x c

x d
c x d

c d


 



 


 











 

 1 0 0 (2) 0 0

(3) 0 0 (4) 0 0

wewillhave:

   

   

u if a u if b

u if c u if d

 

 

Definition2.2.1: A Trapezoidal fuzzy number 

( , , , )A a b c d  is said to be zero trapezoidal fuzzy 

number if 0, 0, 0, 0.a b c d     

Definition2.2.2: A Trapezoidal fuzzy number 

( , , , )A a b c d  is said to be non - negative 

trapezoidal fuzzy number if 0a   

 

Definition2.2.3: A Trapezoidal fuzzy number 

1 1 1 1, , , )( b c dA a and 2 2 2 2, , , )( b c dB a is said to be 

equal trapezoidal fuzzy number if 

1 2 1 2 1 2 1 2, , ,a b b c c d da      

 

Definition 2.3: Interval Number is a closed and 

bounded set of real numbers 

      , : , ,a b x a x b a b x R      

       

   

 

 

1 2 1 2

1 1 2 2

1 2 2 1

, & ,

( ) ,

( ) ,

A a a B b b

A B a b a b

A B a b a b

 

   

   

 

            
1 2

2 1

[ , ] 0

[ , ] 0

ka ka if k

ka ka if k
KA






 


 

       (.) [ , ]A B p q  where 

               
 

 
1 1 1 2 2 1 2 2

1 1 1 2 2 1 2 2

min , , ,

max , , ,

p a b a b a b a b

q a b a b a b a b




 

          
    1 2 1 2

1 2

1 2

1 1
, . , 0 ,

0

(:)
a a if b b

b b

empty if b b

A B


 

  
  

   



 

 

3. THE FUZZY DERIVATIVE: 

 

Definition 3.1 (H-Difference): Let be ,u v R . If 

there exists w R  such that ,u v w   then w is 

called the H-Difference of u and v and is denoted 

by u v . 

 

Definition 3.2: (Hukuhara Derivative) [17] 

Consider a fuzzy mapping : ( , )F a b R and

0
( , )t a b .We say that F is differentiable at 

( , )
0

a bt  if there exists an element  0
F t R   such 

that for all 0h sufficiently small 
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   0 0 0 0
, ( ) ( )F t h F t F t F t h     and the limits (in 

the metric D) 

0 0 0 0

0 0

( ) ( ) ( ) ( )
lim lim
h h

F t h F t F t F t h

h h   

   
  

exist and are equal to )( 0

' tF . 

Note that this definition of the derivative is very 

restrictive; for instance in [3, 4] the authors showed 

that if )(.)( tgctF  where c is a fuzzy number and 
 Rbag ],[: is a function with 0)(' tg , then F is 

not differentiable. To avoid this difficulty, the 

authors of [3, 4] introduce a more general definition 

of the derivative for fuzzy mappings. 

 

Definition 3.3: (Generalized Fuzzy Derivative) [15, 

16] Let RbaF ),(: and ).,(0 bat  we say that F

is strongly generalized differentiable at 0t if there 

exists as element RtF )( 0

' such that 

(i)    For 0h sufficiently  small 

0 0 0 0
( ) ( ), ( ) ( )F t h F t F t F t h     ,and 

the limits satisfy 

 
0 0

0 0 0 0

0
lim lim

( ) ( ) ( )
( )

h h

F t h f t F t F t h
F t

h h 

   
 

 

(ii)  For 0h sufficiently small 

0 0 0 0
( ) ( ), ( ) ( )F t F t h F t h F t     ,and   

the limits satisfy 

 
0 0

0 0 0 0

0
lim lim

( ) ( ) ( )
( )

( ) ( )h h

F t F t h F t h F t
F t

h h 

   
 

 

  

(iii)       For 0h sufficiently small 

0 0 0 0
( ) ( ), ( ) ( )F t h F t F t h F t     and the  

limits satisfy  

 
0 0

0 0 0 0

0
lim lim

( ) ( ) ( )
( )

( )h h

F t h f t F t F t
F t

h h

h

 

  
 





 

(iv)        For 0h sufficiently small 

0 0 0 0
( ) ( ), ( ) ( )F t h F t F t h F t     and the   

limits satisfy  

 
0 0

0 0 0 0

0
lim lim

( ) ( ) ( )
( )

( )h h

F t f t F t F t
F t

h h

h h

 

 
 



 

h and (-h) at denominators mean 
h

1
and - 

h

1
    

respectively. 

 

Remark 3.3.1: A function that is strongly 

differentiable as in cases (i) and (ii) of definition 

3.3, will be referred as (i) - differentiable or as (ii) - 

differentiable, respectively. 

 

Lemma3.3.2: If )(tu =   )(),(),(, twtztytx  is a 

trapezoidal fuzzy number valued function, then (a) 

if u is (i) - differentiable (Hukuhara differentiable) 

then ),,,( wzyxu  .(b) if u is (ii) –differentiable 

then u  .,,, xyzw   

 

4.1 Fourth order Runge- kutta method for 

solving fuzzy differential Equations  

 

Let us consider the first order fuzzy ordinary 

differential equations of the form  

0 0

( ) ( , )

( ) (1)

y y f t y

y t y








 

Equation (2) and (3) are the exact and approximate 

solutions of Equations (1) respectively 

)] [ ( ; ), ( ; )] _____ (2)

[ ( )] [ ( ; ), ( ; )] _____ (3)

[ (
n r n n

n r n n

Y t r Y t r and

y t y t r y t r

Y t 


 

By using Fourth order Runge kutta method for 

approximate solution is calculated as follows  
4

1 ,1

1

4

1 ,2

1

( ; ) ( ; ) ( , ( ; ))

( ; ) ( ; ) ( , ( ; ))

n n j j n n

j

n n j j n n

j

y t r y t r w k t y t r

y t r y t r w k t y t r









 

 





 

where the 
jw s are constants Then

2,1, jj andkk  for j 

=1, 2, 3, 4 are defined as follow 

 

 

 

1,1

1,2

2 ,1 1,1 1,2

2 ,2 1

( , ( ; )) min ( , ) / ( ( ; )), ( ; )

( , ( ; )) max ( , ) / ( ( ; )), ( ; )

( , ( ; )) min ( , ) / ( ( , ( ; ), ( , ( ; ),
2

( , ( ; )) max ( , ) / (
2

 

 

  

  

n n n n n

n n n n n

n n n n n n n

n n n

k

k

k

k

t y t r h f t u u y t r y t r

t y t r h f t u u y t r y t r

h
t y t r h f t u u p t y t r p t y t r

h
t y t r h f t u u p 

 

,1 1,2

3,1 2 ,1 2 ,2

( , ( ; ), ( , ( ; ),

( , ( ; )) min ( , ) / ( ( , ( ; ), ( , ( ; ),
2

  

n n n n

n n n n n n n
k

t y t r p t y t r

h
t y t r h f t u u p t y t r p t y t r

 

 3,2 2 ,1 2 ,2
( , ( ; )) max ( , ) / ( ( , ( ; ), ( , ( ; ),

2
  

n n n n n n n
k

h
t y t r h f t u u p t y t r p t y t r  
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4 ,1 3,1 3,2

4 ,2 3,1 3,2

( , ( ; )) min ( , ) / ( ( , ( ; ), ( , ( ; ),
2

( , ( ; )) max ( , ) / ( ( , ( ; ), ( , ( ; ),
2

  

  

n n n n n n n

n n n n n n n

k

k

h
t y t r h f t u u p t y t r p t y t r

h
t y t r h f t u u p t y t r p t y t r

 

1,1

1,2

2,1

2,2

3,1

1,1

1,2

2,1

2,2

(

(

(

(

(

( )) ( ; ) ( , ( ; )
2

, ( )) ( ; ) ( , ( ; )
2

, ( )) ( ; ) ( , ( ; )
2

, ( )) ( ; ) ( , ( ; )
2

, ( )) ( ; )
2

, ;

;

;

;

;

n n n n n

n n n n n

n n n n n

n n n n n

n n n

where

p t

p t

p t

p t

p t

h
y t r y t r k t y t r

h
y t r y t r k t y t r

h
y t r y t r k t y t r

h
y t r y t r k t y t r

h
y t r y t r

 

 

 

 

 

3,2

3,1

3,2
(

( , ( ; )

, ( )) ( ; ) ( , ( ; )
2

;

n n

n n n n n
p t

k t y t r

h
y t r y t r k t y t r 

 

Now, using the initial conditions 00 , yx and the 

fourth order Runge – kutta formula, we compute

1 1,1 2,1 3,1 4,1

1 1,2 2,2 3,2 4,2

1
( ; ) ( ; ) ( ( , ) 2 ( , ) 2 ( , ) ( , ))

6

1
( ; ) ( ; ) ( ( , ) 2 ( , ) 2 ( , ) ( , ))

6

n n n n n n

n n n n n n

y t r y t r k t y k t y k t y k t y

y t r y t r k t y k t y k t y k t y





    

    

 

The exact and approximate solutions at 

0n n N are denoted byt  
 

[ ( )] [ ( ; ), ( ; ) ] [ ( )] [ ( ; ), ( ; ) ]
n r n n n r n n

Y t Y t r Y t r and y t y t r y t r   

respectively. The solution is calculated by grid 

points 

0 1 2 1

( )
.......................

n n n
a t t t t t t

b a
b and h

N





       

 

1

1

1

1

1
( ; ) ( ; ) [ , ( ; )]

6

1
( ; ) ( ; ) [ , ( ; )]

6

1
( ; ) ( ; ) [ , ( ; )]

6

1
( ; ) ( ; ) [ , ( ; )]

6

n n nn

n n nn

n n nn

n n nn

Y t r Y t r F t y t r

Y t r Y t r G t y t r

And

y t r y t r F t y t r

y t r y t r G t y t r









 

 

 

 

 

The following lemmas will be applied to show the 

convergences of theses approximate i.e. 

0
lim ( , ) ( , )



h

y t r Y t r  

 
0

lim ( , ) ( , )



h

y t r Y t r  

Lemma4.2: Let the sequence of number 
0

N

n n
w


 

satisfy
1

, 0 1
n n

w A w B n N


       for some given 

positive constants A and B (proof [5]) then 

0

1
,0 1

1

n
n

n

A
w A w B n N

A


    


 

The proof of Lemma (4.2) follows Lemma 2 of 

Ming Ma, Kandel.A (1999).  

 

Lemma 4.3: Let the sequence of numbers  

 
0

N

nnw


    
0

N

nnv
  

satisfy 

 1
max ,

n n n n
w w A w v B


  

 1
. max ,

n n n n
v v A w v B


    ,for some given 

positive constants A and B, and  denote 

Nnvwu nnn  0,  

Then
0

1
,0 ,

1

n
n

n

A
u A u B n N

A


 




   



1 2 2where A A and B B    

The proof of Lemma (4.3) follows Lemma 2 of 

Ming Ma, Kandel.A (1999).  

 

Theorem 4.4: Let [ , , ]F t u v , [ , , ]G t u v  belongs to 
4 ( )C k and let the partial derivatives of F, G be 

bounded over R  Then for arbitrary fixed 

: 0 1,r r  the approximate solutions converge 

uniformly in t to the exact solutions. This theorem is 

simply proved (see proof theorem 4.1 in [1]) 

 

5.NUMERICAL EXAMPLE 

 

5.1 Numerical Example  
Consider the Fuzzy initial value problem, 

( ) ( ), [0,1]

(0) (0.8 0.125 ,1.1 0.1 ),0 1

y t y t t

y r r r





 

    
 

 

( ; ) ( ; ) ,

; ( ; ) ,

1, (1; ) [(0.8 0.125 ) ,(1.1 0.1 ) ]

t

t

Y t r y t r e

Y t r y t r e which

t Y r r e r e





   

 

Comparison between the exact solution and 

approximate solution of Fourth order Runge- kutta 

method for t =1 by complete error analysis. 
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6.CONCLUSIONS:  

In this work, we have used the proposed fourth 

order Runge- Kutta method to find a numerical 

solution of fuzzy differential equations using 

trapezoidal fuzzy number. Taking into account the 

convergence order O (h
4
) is obtained by the 

proposed method. Form this we see that our 

proposed fourth order Runge- Kutta method gives 

better solution than second order Runge- Kutta 

method which was  

studied in [18] 
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r t Exact solutions at t 

=1 

Approximated 

solutions at h=0.01 

RK4 

Y  Y  y  y  

0 1 2.174625 2.990110 2.174625 2.990110 

0.2 1 2.242583 2.935744 2.242583 2.935744 

0.4 1 2.310540 2.881379 2.310540 2.881379 

0.6 1 2.378497 2.827013 2.378497 2.827013 

0.8 1 2.446454 2.772647 2.446454 2.772647 

1 1 2.514411 2.718282 2.514411 2.718282 
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